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Abstract: By means of white noise analysis, we prove some limit theorems for 
nonlinear functionals of a given Volterra process. In particular, our results apply 
to fractional Brownian motion (fBm), and should be compared with the classical 
convergence results of the eighties by Breuer, Dobrushin, Giraitis, Major, Surgailis 
and Taqqu, as well as the recent advances concerning the construction of a Levy 
area for fBm by Coutin, Qian and Unterberger. 

1 Introduction 

Fix T > 0, and let B = (-Bt)t^o be a fractional Brownian motion with Hurst 
index H £ (0,1), defined on some probability space {^l,B,P). Assume that 
B is the completed cr-field generated by B. Fix an integer k ^ 2 and, for 
e > 0, consider 

G, = e~^^^-^^ r h,{^^±^^)du. (1.1) 
Jo £ 

Here, and in the rest of this paper, 

h,ix) = {-l)'e^y^^,{e-^y^) (1.2) 

stands for the kth Hermite polynomial. We have h2{x) = — 1, h^{x) = 
— 3x, and so on. 

Since the seminal works O El EJ Uni EO] by Breuer, Dobrushin, Giraitis, 
Major, Surgailis and Taqqu, the three following convergence results are clas- 
sical: 

• If < 1 - ^, then 

((B,),,[o,T],^'(^-^^-^G',) ^ ((B,),,[o,r],iV), (1.3) 
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where N ~ ^(O, T x k\ p^{x)dx) is independent of B, with p{x) 

l(|2; + l|2H^|^_l|2//_2|a.|2H)^ 



• If if = 1 - ^, then 



v^''*^*^'°'""7#Mj^^^'''^*^t°^"^'^^' (1-4) 

where N ~ ^(0,r x 2A:!(1 - - If) is independent of B. 

• If F > 1 - ^, then 

Gs^zP, (1.5) 

where Z^'^^ denotes the Hermite random variable of order fc, see Section 
14. II for its definition. 

Combining {TS]) with the fact that s\xpq^^<^iE[\£^'''^-"'>-\g^\p] < oo 

for all p ^ 1 (use the boundedness of Var(e^^^~^^~ aG^) and a classical 
hypercontractivity argument), we have, for all rj G L^(0) and if H < 1 — 

^ ^(j^AT) = E{r])E{N) = 

e— >0 

(a similar statement holds in the critical case H = 1 — ^)- This means 
that converges weakly in L^(Q) to zero. Then the following 

question arises. Is there a normalization of Gs ensuring that it converges 
weakly towards a non-zero limit when H ^ 1 — j^? If yes, what can be said 
about the limit? The first purpose of the present paper is to provide an 
answer to this question in the framework of white noise analysis. 

In [15, it is shown that, for all H £ (0, 1), the time derivative B (called 
the fractional white noise) is a distribution in the sense of Hida. We also 
refer to Bender [1], Biagini et al. [2] and references therein for further works 
on the fractional white noise. 

Since we have E{Bu+e — Bu)'^ = e^^, observe that defined in (11.11) 
can be rewritten as 



= £ (^?^^±^-^Y du, (1.6) 



where (• • .)*^ denotes the fcth Wick product. In Proposition [9] below, we will 
show that, for all H £ {h ~ I^^) ' 
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where the hmit is in the (5)* sense. 

In particular, we observe two different types of asymptotic results for Ge 
when if G {\ ~ ~ convergence (|1.7p in (5)* to a Hida distribution, 
and convergence (|1.3I1 in law to a normal law, with rate £2~^'y^~^\ On 
the other hand, when H ^ (l — 2^,l) we obtain from (|1.5|) that the Hida 
distribution Bf'ds turns out to be the square integrable random variable 

which is also an interesting result by itself. 
In Proposition [4] the convergence (11.7(1 in {S)* is proved for a general 
class of Volterra processes of the form 



I K{t,s)dWs, t^O, 
Jo 
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where W stands for a standard Brownian motion, provided the kernel K 
satisfies some suitable conditions, see Section O 

We also provide a simple proof of the convergence p.Sp based on the 
recent general criterion for the convergence in distribution to a normal law 
of a sequence of multiple stochastic integrals established by Nualart and 
Peccati [15] and by Peccati and Tudor [T7|, which avoids the classical method 
of moments. 

In two recent papers [U [10], Marcus and Rosen have obtained central 
and non-central limit theorems for a functional of the form p.ip . where B 
is a mean zero Gaussian process with stationary increments such that the 
covariance function of B, defined by a'^{\t — s\) = Yav {Bt — Bg), is either 
convex (plus some additional regularity conditions), or concave, or given by 
cr^(/i) = h"^ with 1 < r < 2. These theorems include the convergence (|1.3I) . 
and unlike our simple proof, are based on the method of moments. 

In a second part of the paper we develop a similar analysis for func- 
tionals of two independent fractional Brownian motions (or more generally, 
Volterra processes), related to the Levy area. More precisely, consider two 
independent fractional Brownian motions B^^^ and B^"^^ with (for simplicity) 
the same Hurst index H G (0, 1). We are interested in the convergence, as 
e ^ 0, of 

rT r(2) _ 7.(2) 

G,:= I ^(1) ^u+e ^ ^^ g^ 

and 







G,:= j / ^-+^ dv] ^"+- du. (1.10) 




Note that Ge coincides with the e-integral associated to the forward Russo- 
Vallois integral B'-^U'B^^^ see e.g. [T8| and references therein. In the 
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last decade, the convergences of and Gg (or of related families of ran- 
dom variables) have been intensively studied. Since /q"(-B|;+£ — Bi^^)dv 

converges pointwise to Bu^ for any u, we could think that the asymptotic 
behaviors of and Gg are very close as e ^ 0. Surprisingly, this is not 
the case. Actually, only the result for Gg agrees with the seminal result by 
Coutin and Qian [ij (that is, we have convergence of Gg in L^(ri) if and 
only if if > 1/4) and with the recent result by Unterberger [21] (that is, 
adequably renormalized, Gg converges in law if H < 1/4). More precisely: 

• If ii < 1/4, then 

((sf\i?r^).e[o,r],e^^^G.) i;^((i?«,i?f)),e[o,T],iV), (1.11) 
where N ~ yK{0,Tajj) is independent of (S(i),S(2)) and 

ajr = - \- [ (|x + l|2^ + |x-l|2^^-2|x|2^) 

^ 4i2H + l){2H + 2) ^ I ^1 I M ; 

X (2|x|2^+2 _ 1^ ^ ^|2/f+2 _ 1^ _ l\2H+2-j^^_ 

• UH = 1/4, then 

((sf\sf)),,[o,T],^=%=) ^ ((S«,i?f)),,[o,T],iV), (1.12) 
Vlog(l/e)' 

where N ~ yK{0,T/8) is independent of {B^''\ B^"^^). 

• If if > 1/4 then 

Gg ^ f B^^ o B(^^du = f B\^Ub^\ (1.13) 
Jo Jo 

• For all H £ (0, 1), we have 

Gg^ rBi'KBi^Un. (1.14) 

But, for Gg, we have in contrast: 

• If if < 1/2, then 



((i?r\i?p)),e[o,T],^^-^G,) i;^((i?«,i?p)),,[o.T],iVx5), (1.15) 
where 



S=^ {\x + + \x- - 2\x\^ii)dx X j\Bi^^ydu 
and N ~ ^(0,1) independent of (^(i),^^^)). 
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• If if ^ 1/2 then 

rT rT 



Ge^l BWoBi^Uu=[ b(^Ub(^\ (1.16) 
^-»o Jo Jo 

For all H £ (0, 1), we have 



I fl«o5(2)d.. (1.17) 

e— >0 



T 







Finally, we study the convergence, as e — > 0, of the so-called e-covariation 
(following the terminology of [18J) defined by 



f-T ^(1) _ ^(1) ^(2) _ ^(2) 

Jo ^ £ 

and we get: 

• If ii < 3/4, then 

).e[o,T],ei-^^G,) i^((i?J^i?f)),e[o,r],iV), (1.19) 
with ~ A^{0,Td'jj) independent of independent of B^^\B^'^'^) and 

dl = ] [ (|x + l|2^ + |x-l|2^-2|x|2^)'dx. 
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• If if = 3/4, then 

((i?f\4^^)..[o,T],^=%=) ^ {iBl'\Bi\,^o,Tl,N), (1.20) 
Y^log(l/e) 

with ~ ^(0,9r/32) independent of S(i),S(2)). 

• If ii > 3/4 then 

Gs^ rsi'^oBi'^du. (1.21) 
Jo 

• For all H £ (0, 1), we have 

Gs^ rBi'^oBi^Uu. (1.22) 

The paper is organized as follows. In Section 2, we introduce some pre- 
liminaries on white noise analysis. Section 3 is devoted to the study, by using 
the language and the tools of the previous section, of the asymptotic behav- 
iors of Ge, Ge and Gg in the (more general) context where i? is a Volterra 
process. Section 4 is concerned with the fractional Brownian motion case. 
In Section 5 (resp. Section 6), we prove (II. 3|) and p.4p (resp. p. lip . (|1.12l) . 

(fTTHD . arm and srm ). 
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2 White noise functionals 



In this section, we present some preliminaries on white noise analysis. The 
classical point of view of the white noise distribution theory is to endow the 
space of tempered distributions 5'(M) with a Gaussian measure F such that, 
for any rapidly decreasing function r] £ 5(M), 

Js'(R) 

Here, | • |o denotes the norm in L2(R) and (•,•) the dual pairing between 5'(M) 
and The existence of such a measure is ensured by Minlos theorem 

m 

In this way we can consider the probability space {Q,B,¥) where 0, = 
5'(M). The pairing (a;,^) can be extended, using the norm of L^(r2), to any 
function ^ G L^(M). Then, Wt = (-jljo^j]) is a two-sided Brownian motion 
(by convention l[o,j] = ~l[t,o] if i < 0) and, for any ^ G L^(]R), 

/oo 
-oo 

is the Wiener integral of ^. 

Let ^ G L'^{Q). The classical Wiener chaos expansion of $ says that 
there is a sequence of symmetric square integrable functions (pn £ L^(M") 
such that 

oo 

^ = Y,In{<t>n), (2.23) 

ra=0 

where In denotes the multiple stochastic integral. 



2.1 The space of Hida distributions 

Let us recall some basic facts about tempered distributions. Let (^n)^o 
the orthonormal basis of L^(]R) formed by the Hermite functions given by 

e„(x) = 7r-i(2"n!)-^e-^''/2/i„(x), x G M, (2.24) 

for hn the Hermite polynomials defined in p.2p . The following two facts 
are immediately checked: (a) there exists a constant Ki > such that 

UnWoc ^Ki{n + l)-i/i2; (b) sincc C = " ^/^^in+l, there exists 

a constant K2 > such that ||^(i||oo ^ K2n^^^'^. 

Consider the positive self-adjoint operator A (whose inverse is Hilbert- 
Schmidt) given by A = + {1 + x"^). We have = (2n + 2)^„. 
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For any p > 0, define the space 5p(M) as the domain of the closure of A^. 
Endowed with the norm := lA-P^lo, it is a Hilbert space. Note that the 
norm | • \p can be expressed as follows, if one uses the orthonormal basis 

oo 
n=0 

We denote by 5p(M) the dual of 5p(M). The norm in 5p(M) is given by (see 
Lemma 1.2.8 p. 7 in p]) 

oo oo 
n=0 n=0 

for any ^ G '5p(]R). One can show that the projective limit of the spaces 
5p(M), p ^ 0, is 5(]R), and the inductive limit of the spaces p > 0, is 

S'{R), and 

S{R) C L^{R) C S'{R) 

is a Gel'fand triple. 

Now we can introduce the Gel'fand triple 

{s)cL\n)c{sr, 

through the second quantization operator T{A). This is an unbounded and 
densely defined operator on L'^{Q) given by 

oo 
n=0 

where $ has the Wiener chaos expansion (|2.23l) . If p ^ 0, we denote by 
{S)p the space of random variables ^ G L'^{Q) with Wiener chaos expansion 
(12^^ such that 

oo 
n=0 

In the above formula \(j)n\p denotes the norm in 5p(M)'^"'. The projective 
limit of the spaces {S)p, p ^ 0, is called the space of test functions and is 
denoted by (5). The inductive limit of the spaces (5)_p, p ^ 0, is called the 
space of Hida distributions and is denoted by (5)*. The elements of (5)* are 
called Hida distributions. The main example is the time derivative of the 
Brownian motion defined as Wt = {• , St) ■ One can show that that \6t\-p < oo 
for some p > 0. 
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We denote by <C ^' 3> the dual pairing associated with the spaces 
(5) and (5)*. On the other hand (see Theorem 3.1.6 p. 36 in [E]), for any 
$ G {Sy there exist 4>n G cS(M'")' such that 

oo 
n=0 

where "if = J2'^=o ^nii^n) G (5). Moreover there exists p > such that: 

oo 

\m% = ^n\\4>n\%. 

n=0 

Then, with a convenient abuse of notation, we say that ^ has a generahzed 
Wiener chaos expansion of the form (|2.23ll . 

2.2 The S'-transform 

A useful tool to characterize elements in (S)* is the 5-transform. The Wick 
exponential of a Wiener integral Ii{r]), rj G L^(M), is defined by 

Then, the 5-transform of an element ^> G {S)* is defined by 

S{^){i) =< e^i(«) :>, 

where ^ G One can easily see that the 5-transform is injective on (5)*. 

When $ G L'^{^) then S(^>)(C) = : e^i(^) :]. For instance, the 

S'-transform of the Wick exponential is 

S{: e^i^") :)(^) =e<'''«>. 

Also, S{Wtm = jUis)ds and 5(Wj)(e) = 

Suppose that <I> G (S)* has a generalized Wiener chaos expansion of the 
form (I233I1 . Then, for any ^ G 5(M), 

oo 
n=0 

where the series converges absolutely (see Lemma 3.3.5 p. 49 in fTB]). 

The Wick product of two functional ^ = X^^q ^nii^n) and $ = X^^q ^n{(t>n) 
belonging to {S)* is defined as 

oo 

n,m=0 
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It can be proved that o $ G {<S)* ■ The following is an important property 
of the 5-transform 

S{^om)=S{m)S{^m- (2.25) 

If ^, $ and ^'o$ belong to L'^{^), we have S[^'o$] = £;[^']£'[^>]. 
We have the following useful characterization theorem: 

Theorem 1 A function F is the S -transform of an element $ G (S)* if and 
only if the following conditions are satisfied: 

1. For any ^,ri £ S, z ^ F{z^ + r/) is holomorphic on C, 

2. There exist non negative numbers K, a and p such that for all ^ G 5, 

\FiO\^KeMa\C\l)- 

Proof. See Theorem 8.2 p. 79 and Theorem 8.10 p. 91 in [8]. ■ 

In order to study the convergence of a sequence in (5)*, we can use its 
S'-transform thanks to the following theorem: 

Theorem 2 Let G (S)* and Sn = S{^n)- Then converges in (S)* if 
and only if the following conditions are satisfied: 

1. lim„^oo SniO exists for each €z S, 

2. There exist non negative numbers K, a and p such that for all n G N, 

|5„(e)KKexp(a|e|2). 
Proof. See Theorem 8.6 p. 86 in [8J. ■ 

3 Limit theorems for Volterra processes 

3.1 One-dimensional case 

Consider a Volterra process B = {Bt)t^o of the form 

Bt= [ K{t,s)dWs, (3.26) 
Jo 

where K{t, s) satisfies Jg K{t, s)'^ds < oo for all t > 0, and W is the Brownian 
motion defined on the white noise probability space introduced in the last 
section. Notice that the 5-transform of the random variable Bt is given by 

S{Btm = f K{t,s)C{s)ds, (3.27) 
Jo 

for any G 5(M). We introduce the following assumptions on the kernel K: 
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(Hi) K is continuously differentiable on {0 < s < i < 00} and, for any 
i > 0, we have 



OK 
'dt 



it,s] 



(t — s)ds < 00; 



(H2) k{t) = Jq K{t,s)ds is continuously differentiable on (0,cxd). 
Consider the operator defined by 

K+m = k'mt) + 1^ ^-§{t,rmr) - m)dr, 

where t > and ^ G 5(M). Prom Theorem [TJ it follows that the linear map- 
ping ^ — > K+^(i) is the 5-transform of a Hida distribution. More precisely, 
according to [H], define the function 



C{t) = \k'{t)\ + 



{t - r)dr, t ^ 0, 



(3.28) 



and observe that the following estimates hold (recall the definition (|2.24p of 

^n) 

\K+m\ ^ c'(i)(iieiioo + iie'iioo) 



^ C{t)J2\i^^^n)\mn\\oo + Un\U 
n=0 

00 

C{t)MY,\{C,^n)\{n + lf/'' 



n=0 



^ C{t)M 



n=0 



x;(n+i) 



= C7(t)M|e|i7/i2, (3.29) 

for some constants M > whose values are not always the same from one 
line to another. 

We have the following preliminary result. 

Lemma 3 Fix an integer k ^ 1. Let B be a Volterra process with kernel K 
satisfying the conditions (Hi) and (H2). Assume moreover that C defined 
by / frai) belongs to L''{[0,T]). Then the function ^ ^ {K+^{s))''ds is the 
S-transform of an element of {S)* . This element is denoted by B^du. 

Proof. We use Theorem [H Condition (1) therein is immediately checked 
while, for condition (2), we just write, by using (I3.29P : 



{K+i{s)fds 



^ r \K+i{stds^M\i\^y^^ r C\s)ds. 

Jo Jo 



10 



Fix an integer k > 1, and consider the following additional condition. 

(H|) The maximal function D{t) = sup^^^^^^ i //+^ C{s)ds belongs to L''{[0, T]) 
for any T > 0, and for some Eq > 0. 

We can now state the main result of this section. 

Proposition 4 Fix an integer k ^ 1. Let B be a Volterm process with 
kernel K satisfying the conditions (Hi), (H2) and (H|). Then the following 
convergence holds: 



Bu+e — Bu\^^ , (S) 







e J £->o 
Proof. Fix i e S{R) and set 



dn^^ / Bfdu. 



Ssio = s (£ ( ^"+; ^^ y'du) (0. 



From linearity and property (|2.25p of the 5-transform, we obtain 

SsiO = r (^(^"+--/")(^))^ ^. (3.30) 
Jo £ 

Equation ([OTll yields 

S{Bu+e-Bum= K{u + e,r)i{r)dr- K{u,T)i{r)dT. {ZM) 

Jo Jo 

We claim that 

i'U-\-e i-u ru+e 

I K{u + £,r)^{r)dr - K{u,r)i{r)dr = / K+i{s)ds. (3.32) 

Jo Jo Ju 

Indeed, we can write 

-e ru+e 

K^i{s)ds = / k'{s)i{s)ds 



(3.33) 



We have, using Fubini's theorem 

4'^ = - / ds dr^{s,r) / de^ie) 







ds 
re 

d6i'{e) / dr{K{u + e,r)-K{eyu,r)). (3.34) 
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This can be rewritten as 

= - r {K{u + e,r)-K{u,r)){au)-ar))dr 
Jo 

- dei'iO) I dr{K{u + e,r)-K{9,r)) 

Ju Jo 
On the other hand, integration by parts yields 

ru+e 

ylW = ^{u + e) / K{u + e,r)dr 
Jo 

-i{u) I K{u,r)dr- / dse,'{s) / drK{s,i 

Jo Ju Jo 

Therefore adding (|3.36p and (|3.35|1 yields 



A^^^ + A^^^ = ^{u + e) / K{u + e,r)dr - C{u) / K{u,r)dr 

Jo Jo 

{K{u + e,r)- K{u, r)) (^(n) - ^{r))dr 



(3.35) 



(3.36) 



de^'iO) / K{u + e,r)dr. 
Jo 



(3.37) 



Notice that, by integrating by parts: 

ru+e 



pu+e pti pu+e 

- dec' (9) K{u + e,r)dr = -C{u + e) K{u + e,r)dr 

Ju Jo Jo 

pu pu+e 

+C(n) / K{u + e,r)dr + / K{u + e,r)C,{r)dr. (3.38) 

Jo Ju 

Thus, substituting (I3.38P into (|3.37l) we obtain 

pu+e pu 

A^^^ + A^^^= K{u + e,r)C{r)dr- K{u,r)C{r)dr, 

Jo Jo 



which completes the proof of (|3.32l) . As a consequence, from (|3.30|) - (l3.32p 
we obtain 



pT pu+e \ k 

SeiO = /o [eJ 



On the other hand, using (I3.29P and the definition of the maximal function 

D, we get 



sup 

0<e^eo 



■j^ ru+e 

e 



K+i{s)ds 



(1 pu+e \ k 

- / Cis)ds 
£ Ju 



M 



(3.39) 



12 



Therefore, using Hypothesis (Hg) and the Dominated Convergence Theorem, 
we have 



hrn5,(e)= r{K+as))'ds. (3.40) 

Moreover, since \Se{0\ ^ ^''l^lu/u lo ^''i'"')^'^ all < e ^ eo, see 
(|3.39l) . conditions (1) and (2) in Proposition H] are fullfilled. Consequently, 
£~'' {Bu+e — BuY^du converges in {S*) as e ^ 0. 

To finish the proof, it suffices to remark that the right-hand side of ()3.40|) 
is, by definition (see indeed Lemma[3|), the 5-transform of Bf'ds. ■ 

In [H], it is proved that, under some additional hypotheses, the mapping 
t — ^ 5^ is differentiable from (0, oo) to [S)* and that its derivative, denoted 
by St, is a Hida distribution whose S'-transform is K+^(t). 

3.2 Bidimensional case 

Let W = iWt)t<m be a two-sided Brownian motion defined in the white noise 
probability space (5'(M), i3, P). We can consider two independent standard 
Brownian motions as follows: for t ^ 0, we set W^^^ = Wt and wj:"^^ = W^f 
In this section, we consider a bidimensional process B = {B^\Bf^)t^Q^ 
where 5^^) and S^^) 

are independent Volterra processes of the form 

bP = K{t,s)dW^\ t^O, 1 = 1,2. (3.41) 
Jo 

For simplicity only, we work with the same kernel K for the two components. 

First, using exactly the same lines of reasoning as in the proof of Lemma 
[HI we get the following result. 

Lemma 5 Let B = (i?j^^\ i?P'*)t^o be given as above, with a kernel K sat- 
isfying the conditions (Hi) and (H2). Assume morever that C defined by 
lis. 28]) belongs to -L^([0, T]) for any T > 0. Then we have the following 
results. 

1. The function ^ 1-^ (^f^ K^^{—y)dy^ K^^{u)du is the S-transform 
of an element of (S)* denoted by Bu^ o B^^du. 

2. The function ^ ^ Kj^^{—u)Kj^^{u)du is the S-transform of an 



5/7 /ill 

Now, we can state the following result 



element of {S)* denoted by L Bu o Bu du. 



13 



Proposition 6 Let B = {B^\Bf''^)t-^Q he given as above, with a kernel K 
satisfying the conditions (Hi), (H2) and (H|). Then the following conver- 
gences hold. 

?(2) n(2) rT 



Jo e ^-^0 Jo 

f-T / fu _ \ o(2) _ „{2) T 

Jo \Jo e / e '^'^o Jo 



'0 \J0 j c e-^u Jo 

r{1) _ r{1) r(2) _ r{2) 
X 



rUJ rUJ rjl^J Ri^J 







Proof. Set 

T r(2) „(2) /.T r(2) „(2) 

G, = l^ BW^2t±l^^du = i?Wo ^"+-~^" du. 
From linearity and property (I2.25P of the 5-transform, we iiave 

cT 



s{GM) = -f - B^^^mdu, 

^ Jo 



so that 



SiG^m = £ K+^{-y)dy^ {^J'^J\^a^)dx^ du. 



Therefore, using (I3.29p . (|3.39p . we can write 

l-T 



\S{Gem\ ^ ^'lel?7/12^ (^j^C{t)dt^D{u)du 

^ ^'lel?7/i2 D{t)dt^ D{u)du 

= \M^\i\lyi2(y[ D{u)dv^ 

^ \M^\i\lyr2 [ D\u)du. 
Hence, by the Dominated Convergence Theorem, we get 

lim5(G,)(0 = (^£K+a-y)dy^ K+i{u)du. (3.42) 

The right-hand side of (|3.42|1 is the 5-transform of /g Bu o Bu du, due to 
Lemma [5l Therefore, by Theorem O we obtain the desired result in point 

(!)• 

The proofs of the other two convergences follow exactly the same lines 
of reasoning, and are left to the reader. ■ 
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4 Fractional Brownian motion case 



4.1 One- dimensional case 

Consider a (one-dimensional) fractional Brownian motion (fBm) B = {Bt)t^o 
of Hurst index H G (0,1). This means that i? is a zero mean Gaussian 
process with covariance function 

Rnit, s) = E{BtBs) = ^(t^^ + s^" -\t- s\''"). 

It is well-known that i? is a Volterra process. More precisely, see [5], B has 
the form (|3.26p . with the kernel K{t, s) = Knit, s) given by 



Here, ch is a constant depending only on H. Observe that 

^^H.(t,s) = CH{H-l){t-sf'U-Y~^ fort>s>0. (4.43) 



dt ^ ' ' ' 2'' ' \t, 

Denote by £" the set of all M- valued step functions defined on [0,oo). 
Consider the Hilbert space ^ obtained by closing S with respect to the 
inner product 

(1[0,«]; l[0,i)])fl = E{BuBy). 

The mapping Ijg^t] ^ Bt can be extended to an isometry if ^ B{ip) between 
Sj and the Gaussian space 7ii associated with B. Also, write ij*^*^ to indicate 
the fcth tensor product of ^. When H > 1/2, the inner product in the space 
^ can be written as follows, for any ip^ ip G <§': 

{(j), i^)^ = H{2H - 1) / / (P{s)il^{s')\s - s'l'^^-'^dsds'. 
Jo Jo 

By approximation, this extends immediately to any cp, ip £ S(R) U (f. 

We will make use of the multiple integrals with respect to B (we refer to 
[T3] for a detailed account on the properties of these integrals). For every 
A; ^ 1, let TCk be the kth Wiener chaos of B, that is the closed linear subspace 
of L^(Q) generated by the random variables {/i^ (5 ((/?)), G S), \\ip\\^ = 1}, 
where hk is the kth Hermite polynomial (II. 2|) . For any k ^ 1, the mapping 
Iki'P®^) = hk{B{ip)) provides a linear isometry between the symmetric tensor 
product Sj®^ (equipped with the modified norm -v/M||-||^®fc) and the fcth 
Wiener chaos TCu. 

I— -I (k) 

Following [12], let us now introduce the Hermite random variable 
mentioned in p.Sp . Fix T > 0, and let /c ^ 1 be an integer. The family 
{Ve)e>o, defined by 

= [ ll'^^^^du, (4.44) 
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satisfies 



= H\2H - if I \s- s'l'^^^'-^^'^dsds' = CkH r(2^^-2)^+2(4.45) 

y[0,T]2 
( IH 1) ^ 

with Ck^H = (_f/fc-fc+i)(2ij"fc-2fc+i) • This impHes that tpe converges, as e tends 
to zero, to an element of Sj'^^ . The hmit, denoted by tt^jq ^j, can be charac- 
terized as follows. For any S 5(M), i = 1, . . . , /c, we have 



lim ^1 ... ik)fi®k 

i-T k 

lime-^ duYl{l[u,u+e],^i)sj 

•J A 1 



1=1 

2H-2i 



H^{2H-lf r dull [ 
Jo Jo 



dr\s - r\^"~^^i{r) 



(ir|M-r|^^-^^i(r). 



We define the feth Hermite random variable by Z^^ = IkiT^i^^ ^j)- Note that, 

by using the isometry formula for multiple integrals and since = Ik{fe), 

(k\ 

the convergence (jl.Sp is just a corollary of our construction of Zj, . Moreover, 

by (I4.45p . we have 

We will need the following preliminary result. 

Lemma 7 1. The fBm B verifies the assumptions (Hi), (H2) and (H3) 
if and only if H ^ {\ ~ \^^) ■ 



2. If H e — l.,l), then B'^du is a well-defined element of (S)* (v 



tn 



the sense of Lemma\B^. 



3. Assume H > \. Then B'^du belongs to L'^{Q) if and only if H > 



Proof. (1) Since 

k'{t) = k'H{t) = {H + \)c,{H)t"-'^ (4.46) 
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and 



dKH 



dt 



{t — s)ds 



dt 



(t, s){t — s)ds 



C2(//)t^+i (4.47) 



for some constants ci{H) and C2{H), we immediately see that assumptions 
(Hi) and (H2) are satisfied for all H G (0,1). So, it remains to focus on 
assumption (H|). For all if G (0, 1), we have 



sup 

0<£<£0 ^ Jt 



^ Jt 



(4.48) 



and 



sup 

0<e^eo ^ Jt 



(4.49) 



Consequently, since Jq t^^ ^/'^dt is finite when > ^ — we deduce from 
([Oell - ltOQil that (H|) holds in this case. Now, assume that i/ < \ - \- 
Using the fact that D{t) > C{t) we obtain 

cT f-T 



[ D^{t)dt> f C^{t)dt = {H + ]-fci{Hf f t 
Jo Jo 2 Jo 



'^^-idt = 00. 



So, in this case, assumption (H|) is not verified. 

(2) This fact is immediate to prove, combine indeed the previous point with 
Lemma [3l 

(3) By definition of Jq^ B^^du, see Lemma [3j it is equivalent to show that 
the distribution ■'"ij^^j, defined through the identity Jq -B^'^ds = -^/c (^i ^ ) , 
can be represented as a function belonging to L^([0, T]'^). We can write 



T 



i=l 



for any 6,---,Cfc S 5(M). Observe that K+^{s) = £ ^{s,r)^{r)dr be- 
cause Kh{s, s) = foi H > 1/2. Using Fubini Theorem, we deduce that the 
distribution can be represented as the function 



k{xi, ... ,Xk) 



max(xi,...,a;t;) 



-{s,xi) —{s,Xk)ds. 



ds 
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Then we obtain 

2 



[0,T] 



T 



[0,T]'= J ma'K(xi,...,xi^) ^max(zi,...,a;j,) 



OKh, 
ds 



{S,Xl 



ds 



X— — (r,xi) — (r, Xkjdsdrdxi ■ ■ ■ dxk 

OS OS 

—- — (s,x)— - — {r,x)dx] drds. 
[o,T]2 VJo OS ds J 



Using the equahty (|4.43p and the same computations as in |T3] p. 278, we 
obtain for s < r, 



' ^(s, x)^(r, x)dx = H{2H - l)(r - sf""-^ 
as ar 



(4.50) 



Therefore 



ll-Ulli^([o.T]M = (^(2^-l))'/7" 

We immediately check that Hr^^^ IIl2([o t]'=) < if only if 2//^ — 2k> 

— 1, that is i/ > 1 — Thus, in this case the Hida distribution B^'^ds 
is a square integrable random variable with 



E 



Bfds 



\k ||2 _ „ V rp2Hk-2k+2 



Remark 8 According to our result, the two distributions , and vr? , 

° ' -'-[0,T] -"-[O.T] 

should coincide when H > 1/2. We can check this fact by means of elemen- 
tary arguments. Let G ^(M), i = 1, . . . , k. From (|3.32p . we deduce: 



and then 



ru+e 

?i)i3 = / K+^i{s)ds, 

J u 



Using (|3.39l) with /c = 1 for each ^j, and applying the Dominated Convergence 
Theorem since the fractional Brownian motion satisfies the assumption (H|) 
when H ^ — l), we get, for defined in (|4.44p : 



£—►0 



/ K+ii{u)---K+ik{u)du, 
Jo 



which yields = vrf 

-"-[O.T] -"-[O.T] 
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We can now state the main result of this section. 

Proposition 9 Let k ^ 2 be an integer. If H > \ — \ (note that this 
condition is immaterial for k = 2), the random variable 

converges in {S*), as e ^ 0, to the Hida distribution B^du. Moreover, 
Gs converges in L'^{Q) if and only if H > 1 — j^. In this case, the limit is 

Proof. The first point follows directly from Proposition U] and Lemma [7] 
(point 1). On the other hand, we already know, see (jl.Sp . that converges 
in L^(r2) to zl^^ when H > 1 — This implies that, when H > 1 — 

Bf'ds must be a square integrable random variable equal to z!^\ Assume 
now that H ^ 1 ~ F^om the proof of (II. 3p and (|1.4|) below, it follows that 
E{Gl) tends to +00 as e tends to zero, so Ge does not converge in L^(r2). 

■ 

4.2 Bidimensional case 

Let B^^^ and B^"^^ denote two independent fractional Brownian motions of 
(same) Hurst index H G (0, 1), defined by the stochastic integral represen- 
tation (|3.4ip as in Section 13.21 

By combining Lemma [7] (point 1 with k = 2) and Lemma El we have the 
following preliminary result. 

Lemma 10 For all H £ (0, 1), the Hida distributions Jq Bu o Bu du and 

J^Bi'KB^du are well-defined elements of (S)* (in the sense of Lemma 

We can now state the following result. 

Proposition 11 1. For all H £ (0,1), Ge defined by lll.9\) converges in 
{S*), as e — > 0, to the Hida distribution Bu o Bu du. Moreover, 
Ge converges in L'^{Q) if and only if H ^ 1/2. 

2. For all H G (0, 1), Ge defined by \1.10\) converges in {S*), as e ^ 0, 
to the Hida distribution Jq Bu o Bu du. Moreover, G^ converges in 
L'^{i}) if and only if H > 1/4. 

3. For all H G (0, 1), Ge defined by I11.18\) converges in (S*), as e — > 0, 
to the Hida distribution Jg Bu o Bu du. Moreover, Ge converges in 
L'^{Vt) if and only if H > 3/4. 
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Proof. (1) The first point follows directly from Proposition [6] and Lemma 
[7] (point 1 with k = 2). Assume that H < 1/2. Prom the proof of Theorem 
[T2I below, it follows that E{Gl) ^ 00 &s e tends to zero, so does not 
converge in L^(0). Assume that H = 1/2. By a classical result by Russo 
and Vallois (see e.g. the survey JE]), and since we are in this case in a 
martingale setting, we have that Ge converges in L'^iO.) to the Ito's integral 
Bl^'dBl;'. Finally, assume that H > 1/2. For e,r/ > 0, we have 

E{GsGn) = — / ps „{u — u')RH{u,u)dudu' , 

J[o^TP 

where 

Ps,vi^) = \i\^ + ^1^^ + 1^ - - 1^1^^ -\x + e- r/|2^]. (4.51) 

Remark that, as e and t] tend to zero, the quantity (e??)~^/9e^^(u — u') con- 
verges pointwise to (and is bounded by) H{2H — l)\u — Then, by 
Dominated Convergence Theorem, it follows that E{GeGn) converges to 

H{2H-l) [ \u-u'\'^"-^RH{u,u')dudu' 

J[0,TP 

as £,7] ^ 0, with /[Q ji]2 \u — u'\'^^~'^\RH{u,u')\dudu' < 00 since H > 1/2. 
Hence, Gg converges in L'^{Q). 

(2) The first point follows directly from Proposition [6] and Lemma [7] (point 
1 with k = 2). Assume that ^ 1/4. From the proof of Theorem [T^ below, 
it follows that E{Gl) — > 00 as e tends to zero, so Ge does not converge in 
L2(Q). Assume that if > 1/4. For £,77 > 0, we have 

E{GeGn) = p r, / dudu' ps niu — u) / ds ds' ps n{s — s'), 
^ V J[0,T]2 ' Jo Jo ' 

with pe^ri given by (|4.51|) . Remark that, as e and tj tend to zero, the quantity 
{£ri)~^ Pe^r]{u — u') converges pointwise to H{2H — l)\u — whereas 
{£r])~^ Jq ds Jq ds'pe^riis — s') converges pointwise to Rh{u,u'). Then, it 
follows that E{GeGn) converges to 

-Ei2H-l) [ lu-u'l^^'-^dudu' + H r u^''iu^''~' + {T-uf''-')du 
2 J[0,T]2 Jo 

as e, 77 — > 0, and each integral is finite since H > 1/4. Hence, Ge converges 
in L\n). 

(3) Once again, the first point follows from Proposition [6] and Lemma [7] 
(point 1 with k = 2). Assume that H ^ 3/4. From the proof of Theorem 
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[H below, it follows that E{G^) — > oo as e tends to zero, so does not 
converge in L'^{Q). Assume now that H > 3/4. For e,r/ > 0, we have 

E(G^G„) = „ r, 1 Pe n{u — u')'^dudu' , 
£ T 7[0,T]2 ' 

with p^^ri given by (|4.51|) . Since the quantity (er/)~-'^pe_^(n — u') converges 
pointwise to (and is bounded by) H{2H — l)\u — u']"^^'"^, we have, by Dom- 
inated Convergence Theorem, that E{GeGr^) converges to 

H^{2H - if [ \u- u'\^^-^dudu' 

i[0,T]2 

as e, — > 0, with /[o7-]2 1^^ — u'\^^~'^dudu' < oo since H > 3/4. Hence, Ge 
converges in L^(r2). 



5 A simple proof of convergences (11.31) and (11.41) 

In this section we provide a simple proof these convergences by means of a 
recent criterion for the weak convergence of sequences of multiple stochastic 
integrals established in [15] and |T7]. We refer to f9] for a the proof in the 
case of more general Gaussian processes using different kind of tools. 

Let us first recall the aforementioned criterion. We continue to use the 
notation introduced in Section |4?T1 Also, let {cj, i ^ 1} denote a complete 
orthonormal system in S). Given / E S)®^ and g S i^®', for every r = 
0, . . . ,kAl, the contraction of / and g of order r is the element of ^^C^+^-Sr) 
defined by 

oo 

f ®rg= ^ (/, (g) . . . (g) ei^) jj®r ® {g,ei^® . . .® ei^)^<»r . 

ii,...,ir=l 

(Notice that f (do 9 = f ® 9 equals the tensor product of / and g while, 
lor k = I, f i^k 9 = {f,9)f)'»k.) Fix k ^ 2, and let (F£)e>o be a family of 
the form = Ik{(t^e) for some € S^®^ . Assume that the variance of 
converges as e ^ (to o"^, say). The criterion by Nualart and Peccati [TS] 

asserts that N ~ ^/^^(O, cr^) if and only if \\(j)e ®r i;^£||^(gi(2fe-2r) — > for 

any r = l,...,/c — 1. In this case, due to the result proved by Peccati and 
Tudor [T^, actually we have automatically that 

{Bt,,...,Bt,,F,)^{Bt,,...,Bt,,N), 
for all tfc > . . . > ti > 0, with N ~ c/K(0, cr^) independent of B. 
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For X G M, set 

p{x) = \{\x + Ip-^ + \x- Ip-f^ - 2\x\'^") , (5.52) 

and notice that p{u — v) = E[{Bu+i — Bu){Byj^i — for all 14,^^0, 
and that j'^\p{x)\'^dx is finite if and only \i H < 1 — ^ (since p{x) ~ 
H{2H - as \x\ oo) 

We now proceed with the proof of (|1.3p . The proof of (II. 4p would follow 
similar arguments. 

Proof of (11.31) . Because e'^'-^^^^" 2 can be expressed as a fcth multiple 
Wiener integral we can use the criterion by Nualart and Peccati. By the 
scaling property of the fBm, it is actually equivalent to consider the family 
of random variables (Fe)e>o, where 

t-T/e 

Fe = \/e hk{Bu+i - Bu)du. 
Jo 

Step 1: Convergence of the variance. We can write 
t-T/e [-T/e 

E{F^) = ek\ / du I dsp{u-sf 
Jo Jo 

= ek\ / p{xf{T/e-\x\)dx, 

J -T/e 

where the function p is defined in (|5.52|) . Therefore, by the Dominated 
Convergence Theorem, 



\\m.E{Ff) = Tk\ I p{xfdx. 
Jr 



Step 2: Convergence of the contractions. Observe that the random vari- 
able hk{Bu+i—Bu) coincides with the multiple stochastic integral 1^(1^*^^^^). 

Therefore = 4(</),), where (t>e = '^[u^u+i]'^''- Let r G {1, . . . , A;-!}. 

We have 

<Pe ^r<Pe = e fj^ (l^^^l'l l^^l^) p{u - sfduds. 

As a consequence, (/^r 0e||^®(2fc-2r) equals to 

[ p{u - sYp{u' - s'Yp{u - u'^-'pis - s'^"' dsds' dudu' . 

i[0,T/e]4 

Making the change of variables x = u — s^y = u' — s' and z = u — u', we 
obtain that ||(/)e (^r </'e||||(gi(2fc-2r) is less than 

A, = e [ \pix)npiy)np{zt'^\piy + z - x^-'dxdydz, 
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where = [—T/e,T/ef. Consider the decomposition 

As = e [ \p{x)\^\p{y)\^\p{z)\'^-^\p{y + z-xt-'dxdydz 

J Den{\x\V\y\V\z\^K} 

+e [ \p{xW\p{yW\p(.zt-np{y + z - xt'^-dxdydz 

J Der\{\x\\/\y\\/\z\>K} 
= Be^K + Ce,K- 

Clearly, for any fixed > 0, the term Bfr x tends to zero because p is a 
bounded function. On the other hand, we have 

De n {|x| V \y\ V \z\ >K}(Z De,K,x U De,K,y U De,K,z, 

where De,K,x = {\x\ > i^} n {\y\ ^ T/e} n {\z\ ^ T/e} (and a similar 
definition for DE^K,y and De^k,z)- Set 

Ce,K,x = e [ \p{x)\'\p{y)\''\p{zt-'\p{y + z - x^-'dxdydz. 
By Holder's inequality, we have 

Ce,K,x ^ e(f \p{xt\p{ytdxdydz\ 

X ( / \p(.z)\''\p{y + z- x^dxdydz I 



2—7: / p \ 

' I 

\x\>K 



^ 2T( I \p{trdt] \ I \pixrdx ^-^0. 



Similarly, we prove that Ce,K,y and Cs,k,z — > as X ^ oo. Finally, it 
suffices to choose K large enough in order to get the desired result, that is 

\\(p£ 4'e\\sj«{2k-2r) ^ as e ^ 0. 

Step 3: Proof of the first point. By Step 1, the family 

is tight in C([0,T]) x M. By Step 2, we also have the convergence of the 
finite dimensional distributions, as a byproduct of Nualart and Peccati ^5] 
and Peccati and Tudor [17] criterions (see indeed the preliminaries at the 
beginning of the section). Hence, the proof of the first point is complete. ■ 
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6 Convergences in law for some functionals related 
to the Levy area of the fractional Brownian mo- 
tion 

Let B^^^ and B^'^^ denote two independent fractional Brownian motions of 
Hurst index H e (0,1). Recall the definition ([O]) of G^: 

^ R(l) ^u+s 



e 

Theorem 12 Convergence in law ^.15\) holds. 

Proof. We H < 1/2. The proof is divided into several steps. 
Step 1: Computing the variance of £^~^Gs. 

By using the scaling properties of the fBm, observe first that e^^^Ge 
has the same law as 

Fs = e'/'^^ f^'^ {b^I - du. (6.53) 

For p{x) = \{\x + 1|2^ + |x - 1|2^ - 2|xp^), we have 

fT/e fT/e 

E{F^) = £^+2// / / dsRH{u,s)p{u- s) 

Jo Jo 



As - Be, 



where 



fT/e fT/e 

Ae = e^+2H / duu^^ dsp{u-s), 
Jo Jo 

fT/e fu 

Be = e^+2H / ds{u- sf" p{u- s). 

Jo Jo 



For the term B^ we can write 



fT/e 

Bs = e^^ / x^^p{x){T - ex)dx. 
Jo 



The integral x"^^ p{x)dx is convergent for < 1/4, while j^^^ x"^^ p{x)dx 
diverges as -\ log(l/e) for H = 1/4 and as H{2H -l)T'^"-^e'^-'^" for 1/4 < 

H < 1/2. The integral j'^^^ x'^^+^ p{x)dx diverges as H{2H - l)T^^e-^^. 
Therefore 



hm Be = 0. 

£^0 
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For we write 

A, = e 



T/e pT/e 
1+2^ / duu^'' I dsp{u-s) 











S+2H 



1 



T/e 



du u 



2H 



/ ds p{u — s) + 
Jo Jo 



T/e rT/e 

du u^^ / ds p{u — s) 



T/e 



2H + lJo 

Hence, by Dominated Convergence Theorem, we have 



so that 



1 roo 



e-*0 



e->0 



2H + 1 



p{x)dx, 



Step 2: Showing the convergence in law in I11.15\} . 
By the previous step, the distributions of the family 



(1) R(2)^ 



t Jte[o,T], 



£>0 



are tight in (7([0, T]^) x R, and it suffices to show the convergence of the 
finite dimensional distributions. We need to show that, for any A E M, any 
< ii ^ . . . ^ tfc, any 6i, ... ,6k G M and any //i, . . . , //^ £ M, we have 



lim E \e 

eio 



e 



1 e 



E 



E 



e ' *J e 



(6.54) 



where S=J2 p{x)dx j'^iB^u^Ydu. We can write 



E[t 
E[e 

E 



-3 e 



J e ■ 



E[e 



■J e 



((2) (2) 
p(2)„ -S^+e--Sn 
*j E 



_ V 

xe 2 
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with pi.{x) = \ {\x + + |x - e\^^ - 2|xp^). Observe that 

B^^'^ B^^'^ Pe{u - v)dudv ^ 



'[0,T]2 

because pe{u — v) = E\{B^]_^ — Bu'^){B^^^ — B^^)\ is a covariance function. 
Moreover, for any fixed t ^ 0, we have 

?(2) r(2)' 



l-T ( o(2) r(2)\ 



T 



BiP 



^ \- ' ' ' — 1 du 



a.s. 

e^O 



\2H-1 



h[ B(^\n'^-'-\t 
Jo 

Since H < 1/2, this imphes that 



1 , . I , . r(2) (2) 



)du. 



du 



1. 



£^0 



Hence, to get (I6.54p . it suffices to show that 
E 



E 



(6.55) 



We have 



E 



E 



E 



E 



exp ( ^ Y: e,B^^ - f e^-^^ / Bi^^Bi''>p,{u - v)dudv] 

k 



exp - [ Pe(-) {[ B^B^^d^ dx 

exp \iY^(^Mf - A2 £^%{x) l^j\^^B^^\jv)j dx 



the last inequahty coming from the relation ^^(x) = e^^ p{x/e). By Domi 
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nated Convergence Theorem, we get that 

k 



E 



E 



exp h ^ 9jB^^^ - p{x)dx X ^ {B^ 



exp I i ^ OjB^ 



(1) 



that is (I6.55p . The proof of the theorem is done. 

Recall the definition (I5.52p of p, and the definition of Gg: 

rT 



\Jo 



:^H±£_^dJ ^"+^ ^" du. 



e 



£ 



Theorem 13 Convergences in law and 111.13]) hold. 

Proof. We only show the first convergence, the proof of the second one 
being very similar. By using the scaling properties of the fBm, observe first 
that e2~'^^Gr has the same law as 



du. 



Fe = V-el \[ {b^I - B^^^) dv) [b^I - Bi^ 

Now, we fix < 1/4 and the proof is divided into several steps. 
Step 1: Computing the variance of F^. We can write 



e I dudu'p{u — u') I dv I dv'p{v — v'), 

'[0,T/e]2 Jo Jo 



U fU 



with p{x) = i(|x + Ip^ + |x - Ip^ - 2|xp^). We have 



dv / dv' p{v — v') 
Jo 



2{2H + 1){2H + 2) 



where 



^{X) = 2|x|2^+2 -\x + l|2^+2 _ 1^ _ ^^2H+2_ 

Consider first the contribution of the term ^(u — u'). We have 



lim £ / p{u — u')"^{u — u')dudu' = T p{x)'^{x)dx. 



(6.56) 
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Notice that p{x) ~ H{2H - l)\x\^^-'^ and ^'(x) {2H + 2){2H + l)\x\^^ 

as \x\ oo, so that \p{x)'i'{x)\dx < oo because H < 1/4. On the other 
hand, we have 

rT/e j-u 

p{u — u')'^ {u)dudu' = e / du^{u) I dxp{x) 

[0,T/e]2 Jo Ju-T/e 

and this converges to zero as e ^ 0. Indeed, since p{x) ~ H{2H — \)x^^~'^ as 
X — > oo, we have p{x)dx ~ Hu^^~^ as u — > oo; hence, since f^p{x)dx = 
0, H <l/A and ^'(n) {2H + 2)(2i? + l)u'^^ as u ^ oo, we have 

/u poo 
p{x)dx = — hm ^{u) I p{x)dx = 0. 
n— >oo /„ 
-oo -/ n 



Also, we have 



£^0 



[0,T/e_ 



hm e I p{u — u')dudu' = / p{x)dx = 0. 



Therefore, hm^^o^l-?^!) = in- 
step 2: Showing the convergence in law 111.11]} . We first remark that, 
by Step 1, the laws of the family [{bI^\ Bj:'^^)^^[Q j'j, e^~'^^ Ge) are tight. 
Therefore, we only have to prove the convergence of the finite- dimensional 
laws. Moreover, by the main result of Peccati and Tudor [17], it suffices to 
prove that 

e'2-^^Gs''= F,'^^{0,Tajj) as £ ^ 0. (6.57) 
We have 



Ei^^'n = ^ exp / - BiP)iBSl - B^)) 

\ I ^ ^fO,T/e]2 

p{v — v')dvdv' dudu > 



JO / J / 

Since p{v — v') = E\{B^^^^ — B^'^){B^^}_^-^ — -B^^'')] is a covariance function, 
observe that the quantity inside the exponential in the right-hand side of the 
previous identity is negative. Hence, since x ^ exp ( — is continu- 

ous and bounded by 1 on M, (|6.57|) will be a consequence of the following 
convergence: 

As ^ Ta'ji ase^O, (6.58) 

with 

As := e [ {Bu+i-Bu){Bu'+i-Bu') i [ [ p{v - v')dvdv'] dudu' , 

J[0,T/e]2 Wo Jo J 
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B denoting a fractional Brownian motion of Hurst index H. The proof of 
(|6.58l) will be done by showing that the expectation (resp. the variance) of 
tends to Tajj (resp. zero). By Step 1, observe that 

EiA,) = E{Ff) ^ Tal 

as e — > 0. Now, we want to show that the variance of Af, converges to zero. 
Making the change of variable s = ue and t = u'e yields 



A, = 



/ {Bs/e+l-Bs/£)[Bti^^i-Bt/e) I / 
J[0,T]2 \Jo Jo 



p{v — v')dvdvj dsdt 



which has the same distribution as 



.-1-2H 



s/e j-tje 



[ {Bs+e - B,){Bt+e -Bt)( j 
i[0,T]2 \Jo 

[ {Bs+e - Bs){Bt+e - Bt)Ke{s,t)dsdt 



p{u — u)dudu dsdt 



'[0,T]2 

where Ae(s,f) = J^^ J^^ p{u — u')dudu' . This can be written as 

BsBtT,^{s, t)dsdt, 



where 

T.e{s,t) = l[^ T^^]{s)l[^^T+e]it)^eis - e,t - e) - l[Q^T]is)i[e,T+e]it)^e{s,t - e) 
-l[£,T+£](s)l[0,T](*)Ae(s -e,t) + l[o,T]is)i[0,T]it)Ms,t). 

(6.59) 

Moreover, 

Cs - E{Ce) = e-'-^^'h l[o,.] lio,t]^e{s,t)dsdt 

where I2 is the double stochastic integral with respect to B. Therefore, 

2 



Var(C, 



2e' 



-2-4:H 



l[o,s] ® ^[o,t]^e{s,t)dsdt 



= 2e-2-4^ / Rh{s, s')RH{t,t')^e{s,t)T.s{s' ,t')dsdtds'dt' . 

Taking into account that the partial derivatives —gf- and —gf- are integrable, 
we can write 



xSs(s, t)T.eis', t')dsdtds'dt'. 



dr 



-{t,T)dT 
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Hence, by integrating by parts, we get 

7iR4 ds dt' 
xT.e{a,t)da^ (j T.e{s' ,T)dTj dsdtds'dt' 



From (I6.59P we obtain 

T,s{a,t)da = 1[o,t](s) (1[o,£](*) - 1[t,t+£](*)) / ^e{(T,t- e)da. 

Js-e 

In the same way 

/ ^s{s',T)dT = l[o,T]{t'){l[0,e]{s')-llT,T+e]{s')) Ms'-e,T)dT 
Jo Jt'-e 

As a consequence, 

X A,(s' - e,r)dr^ l[o,T](s) (l[o,e](i) " \T,T+e]{t)) 

xl[o,T](t') (l[o,e](s') - l[T,r+e](s')) dsdtds'dt' 



where 



i=l 



H] = f III Ge{s,t,s',t')dsdtds'dt', 
Jo Jo Jo Jo 

nT+e re t-T 
/ / Ge{s,t,s',t')dsdtds'dt', 
Jo Jo 



H. 



T fe pT+e rT 




Jo Jt Jo 

T i-T+e i-T+e />T 



Ge{s,t,s',t')dsdtds'dt', 




JO JO JO 



Geis,t,s',t')dsdtds'dt', 



and 



dt' 

t' ^ 

Ae(s' — e, r)(ir 



G,{s, t, s', t') = 28--'-''" ^{s, s')^{t, t') 



^ A,{a,t-£)da^ 
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We only consider the term H^, because the other ones can be handled in the 
same way. We have, with ^ given by (I6.56p . 

Ae(s,t) = / / p{u — u)dudu = 



JO 



2{2H + 1){2H + 2) 



Notice that 



< e-2H-2 |2|, _ t\2H+2 _ I, _ i + ,\2H+2 _ |, _ ^ _ ^|2H+2| 



^ Ce 



-2H 













fl 






Jo Jo 



for any s,t £ [0,T]. Therefore, |Ae(s,t)| ^ Ce and we obtain the 
following estimate 

As a consequence, 

/.£ /.£ /-T 

Jo 
JO Jo Jo 

which converges to zero because H < j. ■ 
Recall the definition (fTTSll of G^: 



r-T^W .^(i) ^(2) _5(2) 
/o e £ 

We have the following result. 

Theorem 14 Convergences hi. 19^) and ^1.20\) hold. 

Proof. We use the same trick as in [HI Remark 1.3, point 4]. Let j3 and (3 
be two independent one-dimensional fractional Brownian motions of index 
H. Set 5(1) = (/? + /3)/\/2 and ^(2) = (/J _ ^)/^. It is easily checked 
that S(i) and S^^) are also two independent fractional Brownian motions of 
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index H. Moreover, we have 




(6.60) 



The proof of the desired convergences in law are now direct consequences 
of the convergence p.3p with k = 2, taking into account that /3 and (3 are 
independent. ■ 



Remark 15 As a byproduct of the decomposition (|6.60ll . and taking into 
account dLS]) for A: = 2, we get that Jq B^u^ oB^^^du and {Z^^ - Z^'^) /2 
have the same law when H > 3/4, where Zj^ stands for an independent 

(2) 

copy of the Hermite random variable Zrp . 
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